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Abstract. We study inverse spectral problems for ordinary differential equations on
compact star-type graphs when differential equations have different orders on diferent edges.
As the main spectral characteristics we introduce and study the so-called Weyl-type matrices
which are generalizations of the Weyl function (m-function) for the classical Sturm-Liouville
operator. We provide a procedure for constructing the solution of the inverse problem and
prove its uniqueness.
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1. Introduction. We study inverse spectral problems for ordinary differential equations
of variable orders on compact star-type graphs. More precisely, differential equations have
different orders on diferent edges. Boundary value problems on graphs (spatial networks,
trees) often appear in natural sciences and engineering (see [1]-[6]). Inverse spectral problems
consist in recovering operators from their spectral characteristics. We pay attention to the
most important nonlinear inverse problems of recovering coefficients of differential equations
(potentials) provided that the structure of the graph is known a priori.

Differential equations of variable orders on graphs arise in various problems in mathematics
as well as in applications (see, for example, [7] and the references therein). In particular, we
mention transverse oscillation problems for such structures as cable-stayed bridges, masts
with cable supports and others.

For second-order differential operators on compact graphs inverse spectral problems have
been studied fairly completely in [8]-[14] and other works. Inverse problems for higher-order
differential operators on graphs were investigated in [15]-[16]. We note that inverse spectral
problems for second-order and for higher-order ordinary differential operators on an interval
(finite or infinite) have been studied by many authors (see the monographs [17]-[23] and the
references therein).

In [24]-[25] the inverse spectral problem is considered for a very particular case of variable
order differential equations on star-type graphs, when there are only two differential equations
with different orders. In this paper we study the general case of variable order differential
equations on star-type graphs. More precisely, all edges are divided into m groups in each
of which differential equations have different orders. Moreover, we consider general matching
conditions in the interior vertex. This general case produces new qualitative difficulties related
to the formulation and the solution of the inverse problem.

As the main spectral characteristics in this paper we introduce and study the so-called
Weyl-type matrices which are generalizations of the Weyl function (m-function) for the clas-
sical Sturm-Liouville operator (see [26]), of the Weyl matrix for higher-order differential oper-
ators on an interval introduced in [22]-[23], and generalizations of the Weyl-type matrices for
higher-order differential operators on graphs (see [15]-[16]). We show that the specification
of the Weyl-type matrices uniquely determines the coefficients of the differential equation on
the graph, and we provide a constructive procedure for the solution of the inverse problem
from the given Weyl-type matrices. For studying this inverse problem we develope the ideas
of the method of spectral mappings [22]-[23]. The obtained results are natural generalizations



of the well-known results on inverse problems for differential operators on an interval and on
graphs, and in particular, generalizations of the results from [24]-[25].

2. Formulation of the inverse problem. Consider a compact star-type graph T in
R“ with the set of vertices V = {vp,...,v,} and the set of edges & = {e1,...,e,}, where

v1,...,v, are the boundary vertices, vy is the internal vertex, and e; = [v;,v], j = 1,p,
p

m e; = {wo} . Let [; be the length of the edge e; . Each edge e; € £ is parameterized by

j=1

the parameter z; € [0,[;] such that x; =0 corresponds to the boundary vertices vy,...,v,,

and z; = [; corresponds to the internal vertex vy . An integrable function Y on T may

be represented as Y = {y;},_1; , where the function y;(x;) is defined on the edge e; .
Fix m =1,p. Let n;,p;, i = 1,m, be positive integers such that

ng>ng>...>n,>1 0<p <p<...<pm-1<pPm: =0,

and put n,,.1:=1, po:= 0. Consider the differential equations on 7':

where A is the spectral parameter, g,;(z;) are complex-valued integrable functions. Thus,
the differential equations have order n; on the edges e;, j =p,_1 +1,p; . Wecall ¢; = {q,;}
the potential on the edge e; , and we call ¢ = {¢;};_1; the potential on the graph 7. Denote
Wi = pi — pi—1, @ = 1,m. Clearly, py + ...+ jt,, = p, and p; is the number of edges where
differential equations have order n; .

Fix i =1,m, j =pi—1 +1,pi. Let {Ckj(z;,\)}, k= 1,n;, be the fundamental system
of solutions of equation (1) on the edge e; under the initial conditions C,g?_l)((), A) = Oky
k,p =1,n; . Here and in the sequel, dy, is the Kronecker symbol. For each fixed z; € [0,1;],

the functions C’,i’;_l)(xj, A), k,u=1,n;,areentirein A of order 1/n;. Consider the linear
forms

Uy () way j=1p,

where 7;,,, are complex numbers, 7v;, =V, #0, v=0,n;—1 for j=p;_; +1,p;. The
linear forms Uj, will be used in matching conditions at the internal vertex v, for boundary
value problems and for the correspondung special solutions of equation (1).

Denote (n) := (|n| +n)/2, i.e. (n) =n for n > 0, and (n) =0 for n < 0. Fix
i=1,m; s=pi1+1,p;; E=1i,m; k=mng1,ne — 1; u=k,n;. Let Ly, be the boundary
value problem for equation (1) on the graph T with the boundary conditions

ys(0) = ... = y2(0) =y D(0) = 0, (2)
v (0) =0, r=0{n k=1 1=Tom, j=pi ¥ Lp, j#s, (3)
and the matching conditions
Upl,l/(ypl) = Uju(yj) 5 =1 yPu— 17 V="n41 — 17m1n(k —1,n — 2)a (4>
Pe
ZUJ,,(yJ)—O v="hkne—1 Z w(y;) =0, 1=¢—1,...i, v=n41,m—1.  (5)
j=1 =1

Note that the number of conditions in (2)-(5) is nyp; + -+ + Nyply - Matching conditions
(4)-(5) are generalizations of classical matching conditions for Sturm-Liouville operators on



graphs [9], matching conditions for higher-order differential operators on graphs [15], and
matching conditions for variable order differential operators on graphs [24].

Fix ¢« = 1,m, s = pi_1+1,p;, kK = 1,n; —1. We introduce the solutions W, =
{¥skj}j—1p of equation (1) on the graph T as follows. Let § = i,m; k= ngg,ne — L.
Then W, satisfies the boundary conditions

PI0) = 64y =1, k, (6)

¢£;)J(O):Oa TZO? <nl_k_1>7 l:Lma j:plfl—i_lapl? j#& (7)

and the matching conditions at the vertex vy :

UppoWsep,) = Ujp(Vsij), L=&m, j=1,pp—1, v=ny41 — L,min(k — 1,n, — 2), (8)

V43 pi
Y U (ar) =0, v="kne—L; Y Up(ay) =0, l=E =1, v=niq,m — L (9)
j=1 j=1

The function Wy is called the Weyl-type solution of order k with respect to the boundary
vertex vs . Define additionally s,,s(xs, A) := Cp,s(Ts, A).
We introduce the matrices M(\), s =p;—1 + 1,p;, ¢ = 1, m, as follows:

M,(\) = [Mu (V)] M (N) == V(0. 0).

k,u=1,mn;1 sks

It follows from the definition of Wy that My, (X) = 6, for k> p, and det My(A) = 1.
The matrix Mg(\) is called the Weyl-type matrix with respect to the boundary vertex vy .
The inverse problem is formulated as follows. Fix N =1, m.

Inverse problem 1. Given {M,(\)}, s=1,p\ py , construct ¢ on T.

We note that the notion of the Weyl-type matrices M, is a generalization of the notion of
the Weyl function (m-function) for the classical Sturm-Liouville operator ([20], [26]) and is a
generalization of the notion of Weyl matrices introduced in [15], [16], [22]-[24] for higher-order
differential operators on an interval and on graphs. Thus, Inverse Problem 1 is a generalization
of the well-known inverse problems for differential operators on an interval and on the graphs.

We also note that in Inverse problem 1 we do not need to specify all matrices M (),
s =1,p; one of them can be omitted. This last fact was first noticed in [9], where the inverse
problem was solved for the Sturm-Liouville operators on an arbitrary tree.

Section 3 provides an example of the notions introduced above. In section 4 properties of
the Weyl-type solutions and the Weyl-type matrices are studied. Section 5 is devoted to the
solution of auxiliary inverse problems of recovering the potential on a fixed edge. In section
6 we study Inverse problem 1. For this inverse problem we provide a constructive procedure
for the solution and prove its uniqueness.

Let us briefly explain the main ideas for constructing the solution of Inverse problem 1. On
the first step, we solve auxiliary inverse problems (see Section 5) for each fixed s =1,p\ py ,
and find the potential ¢; on the edge e from the given M (). For this purpose we develope
the ideas of the method of spectral mappings [22, 23]. On the second step, using information
on ¢, s=1,p\pn, we construct the classical Weyl-type matrix m,,()\) related to the
edge e,, . The last step is the classical one: we construct the potential ¢,, on the edge e,,
from the given m,, (A) (this procedure was first described in [22, 23]).

3. Example. Let m =2, n; =4, no =2, and 0= pg < p; < p2 = p. For simplicity,
let Uju(QJ) = f}/juy‘gy) <l3>

Case 1. Let s = 1,p1. Then k = 1,2,3, and the boundary value problems Ly, ,
1 =k,3, are defined by the following boundary and matching conditions.



1) For Lgy,, p=1,2,3:

y(0) = 0; y;(0) = y5(0) = 9j(0) =0, j=T,p1\'s;  9;(0) =0, j=p1+1,pa,

p p1
Yot =0y (1), G =Tp—1 D> 7uy5(1) =0, > 7y (1) =0, v =23,
j=1 =
2) For L, , p=2,3:

ys(0) =y 0(0) = 0;  ;(0) =4(0) =0, i =T,p1 \ s; y;(0) =0, j =p1 +1,po,

Yoop(1) = v0y;(1), G=Lp—=1; 0y, (1) =vuy;(1), j=1,p — 1

Z%,,y] 0, v=2,3.

3) For Ly, , p=3:
ys(0) = y.(0) =y, (0) =0;  y;(0)=0, j=1,p1\s; y;(0) =0, 7 =p1 +1,po,

w0up(D) = %oy (1), G =1p— L 2wt (D) =0 (1), =T — L, v=1,2;

Z '733 ///

The Weyl-type solutions W = {%kj} are defined by the following boundary and match-
ing conditions.
1) For Wy :
7/1515(0 )\> = 1

wslj(ou)‘> = ¢sl]<0 )‘) 77Z)slj(0 )‘) - 0 j - ]- y P1 \ S5 wslj(ou)‘> = Oa j =D + ]-ap2a
/Ypﬂwslp(l))\) = %‘0%1]'(17 A)v ] = 17]9 - L

p p1
Sl (L) =0, 3 410 =0, v =2,3.
j=1 j=1

2) For W, :
,QZ)SQS(O )\) = 0 ¢S2S(0 A)
w82j<07)\> :ws2j(0 A) _0 j =1 pl\S 1/1523‘(0,)\) :Oa j:p1+17p27

p1
ST BN =0, v =2,3.
=1

3) For W3 :
wSSS(()? )‘) = wsSs(O >\) 07 wsBs(O )\)
¢s3j<0a )‘) = 07 j = 1ap1 \ S5 ¢S3j(07 >‘) = Oa .] =M + ]-7p2a
7p0w33p(1 )\) = ’yj(ﬂbsi}j(l )\)a .7 = 17p - 17

Vp1, V¢s3p1( ) VJV@DEQ;(I )‘) J=Lpm—-1Lv=12

Z Yistras (L,



Case 2. Let s = p;+1,po. Then k = 1, and the boundary value problems L, ,
1= 1,2 are defined by the following boundary and matching conditions:

ydD0) =05 5;(0) = 95(0) =9/(0) =0, j=T,pr;  y;(0)=0, j=pi+ Lpz\s,

p
Wosp(1) = woy;(1), =Tp—1; > vuyi(1) =
=1

The Weyl-type solutions Wy = {11} are defined by the following boundary and match-
ing conditions:

¢515<07 >‘) = ]-’

Us15(0,A) = ¥1;(0,A) = ¥;(0,A) =0, j=T,pi;  ¥a;(0,A) =0, j=p1 +1Lp2\s,
— p
YooUsip(L, A) = j0vs1(1,A), j=1,p—1; Z’Yﬂ?ﬂgu(l, A)=0.
j=1

4. Properties of spectral characteristics. Fix i =1,m, s = p,_1 + 1, p;. It follows
from the boundary conditions (6) for the Weyl-type solutions that

77Z)5.1<:s(~1757 /\) Oks ZL‘S, Z Mskp, us l’s, )\>a k= 17 n;. (10)

pn=k+1

Using the fundamental system of solutions {C,;(z;,A)} on the edge e;, one can write

wsk] ZL'], ZMsk]u u] x]a)\)v .7 = Pi—1 + 17pl7 [ = 17m7 k= 17”2' - 17 (11)

where the coefficients Mg, (A) do not depend on ;. In particular, Mg, (A) = Mg ().
Substituting (11) into boundary and matching conditions (6)-(9) for the Weyl-type solutions
U, we obtain a linear algebraic system DL (\) with respect to Mg, (\). Solving this
system by Cramer’s rule one gets My, (A) = Agrju(N)/Ask (), where the functions Ay, (A)
and Ag,()\) are entire in A. Thus, the functions Mg, (A) are meromorphic in A, and
consequently, the Weyl-type solutions and the Weyl-type matrices are meromorphic in A. In
particular,

Asku()‘)
Ask<)\) ’

where A, (A) = Agsu(A). The function Ay, (A), £ < p (Agee(X) = Ag(A) ) is the
characteristic function for the boundary value problem Lg,, and its zeros coincide with the
eigenvalues of Ly,

MskuO‘) =

k< p, (12)

Fix i =1,m. Let A = p;". The p; — plane can be partitioned into sectors S of angle
I (argpi € (M M), v =0,2n; — 1) in which the roots Rji, Ris,...,R;n, of the

n; n;’ U

equation R™ — 1 =0 can be numbered in such a way that

Let p* = max <2nZ maXHqMHL 0. ) pw=0mn—2,j=p;_1+1,p. Itisknown [27, Ch. 1]

i=1,m
that for each fixed j = p,_1 +1,p;, on the edge e; there exists a fundamental system of
solutions of equation (1) {E;(x;, pi)}r—1; Wwith the following properties.

n



1) For each sector S with property (13), the functions E,E;_l)(xj, pi), v =1,n,; are analytic
in p; €S, |pi| > p*, and are continuous for z; € [0,], p; € S, |pil > p*;
2) As |pz| — 00, p; € 57

B (g, 01) = (piRa)" ™" exp(pi Riery)[1], (14)

where k,v = 1,n;, j = I,m, [1] =1+ O(p;"). The set of functions {Ekj (2, pi) bty 18

called the Birkhoff-type fundamental system of solutions on the edge e; . Denote

Qi
Qi

Qik = det[R%_l]{’V:m, QiO = 1, Wik -—

k= 1,7%.

Lemma 1. Fix i =1,m, j =p;_1 + 1,p;, and fized a sector S with property (13).
1) Let k=1,n; — 1, and let yj(xj,\) be a solution of equation (1) on the edge e; under
the conditions

y(0) = ... =yl 0) = 0. (15)
Then for x; € (0,1;], v=0,n; — 1, p; € S, |pi| — o0,

i (@, \) = > Aui(pi)(piRi)” exp(piRi;)[1], (16)
pu=k+1

where the coefficients A,;(p;) do not depend on x; . Here and below we assume that argp; =
const, when |p;| — oc.
2) Let k =1,n;, and let y;(x;,\) be a solution of equation (1) on the edge e; under
the conditions
y;(0) = ... =y 20)=0, " V0)=1

Then for z; € (0,1;], v=0,n; — 1, p; € S, |ps| — o0,

v Wi v S v
Y (5, ) = pk’a (piRi)” exp(piRave)[1] + > Buj(pi)(piRin)” explpiRix;)[1),  (17)
i p=k+1

where the coefficients B,;(p;) do not depend on x; .
Proof. Using the fundamental system of solutions {Ej;(x;, p;)} =15 , one can write

yj(j,A) = iAuj(Pi)Em(% pi)- (18)

Substituting (18) into (15) we obtain a linear algebraic system with respect to Ay;(p;), ..., Akj(pi)-
The determinant Ay(p;) of this system has the asymptotics Ax(p;) = Qi + O(p; ') as
|pi| — o0. Solving the system by Cramer’s rule and taking (14) into account we get

ng

A§j<pi) = Z (Ciﬂﬁj + O(p;1)>Aﬂj<pz)7 é =1k, (19)

n=k+1

where ¢;,¢; are constants. Substituting (19) into (18) and using (14) we arrive at (16).
Relations (17) are proved analogously. O

Fix i = I,m, £ =i,m, s = pi_1+1,p;, k = ngi1,ne— 1. Consider the following
auxiliary linear algebraic system DY with respect to the coefficients By, :

VowZskpw — VivZskjv = 0, l—§+1m j=1pm—1, v=n4 —1,n —2,



VpevZskper — VivZskjy = 0, 7=Lps—1L v=mne—1,k—1,

Pg 2

E VivZskjy = 0, v =k, ng — 1, E VivZskjv = 0, v =mng11,m — 1,

=1 j=1

where
U ny
v v . L1
Rsksy = E BsksuRi;p Zskjv = E BskjuRlua J=Di-1+ 17pl \ S, [ = 17 m.
u=k+1 p=max(n;—k+1,2)

Let d% be the determinant of DY . We assume that d%, # 0 for each s,k and sectors
S with property (13). This condition is called the regularity condition for matching. This
is necessary for the existence and "regular behavior” of the Weyl-type solutions and the
Weyl-type matrices (see [15] for details). Differential operators on 7', which do not satisfy
the regularity condition, possess qualitatively different properties for the formulation and
the investigation of inverse problems, and are not considered in this paper; they require
a separate investigation. We note that this condition is a generalization of the regularity
condition for Sturm-Liouville operators on graphs (see [28]) and the regularity condition for
higher-order differential operators on graphs [15]. In particular, for the so-called standard
matching conditions [9], it is satisfied obviously.

Now we are going to study the asymptotic behavior of the Weyl-type solutions.

Lemma 2. Fiz i =1,m, s = p;_1+ 1,p;, and fix a sector S with property (13). For
xs € (0,ls), v=0,n; — 1, k = 1,n;, the following asymptotic formula holds

v W v
Vuia @A) = 55 (0iBar) exp(pi B )1, pi €S, o] = ox. (20)

Proof. For k=n;, (20) follows from Lemma 1. Fix £ =i,m, k = ngq,ne — 1. Using
Lemma 1 and boundary conditions for Wy we get the following asymptotic formulae for
zj € (0,1;), |A\] — oo inside the corresponding sectors:

v Wi v S v
Y (2 N) = =25 (piRa)” exp(piRax ) [+ Y Assa(p) (piRiy)” exp(piRiys)[1], (21)
Pi p=k—+1
n
¢§Z;(5L’ja A) = Z Asieju(pr)(piRy)” exp(piRiyx;) 1], j = pior + 1o, L=1,m\ s,

p=max(n;—k+1,2)
(22)
Substituting (21), (22) into matching conditions (8)-(9) for Wy , we obtain a linear algebraic
system Dg,(\) with respect to the coefficients Ay, . The determinant dg,(A) of this system
has the asymptotics

dg(\) = d°), exp (Z ,olozlsk> [1], |A] — oo, (23)
=1
inside the corresponding sectors, where ays, are constants depending on [y,...,[,, namely:
n; n; Pi
gl = ( Z Ri,u>ls+ < Z Riu)( Z l; _ls>7
p=k+1 p=n;—k+1 j=pi—1+1

= (% R)(X )i

p=max(n;—k+1,2) J=pi—1+1



Solving the system Dg;(A) by Cramer’s rule and using (23), we obtain in particular,
Assu(p) = O(pi " exp(pi( R, — Ri)ls)), k=T —1, p=Fk+Ln,. (24)

Substituting (24) into (21) we arrive at (20). O

It follows from the proof of Lemma 2 that one can also get the asymptotics for ¢§Zz (z;,N),
Jj # s ; but for our purposes only (20) is needed.

4. Auxiliary inverse problems. In this section we consider auxiliary inverse problems
of recovering differential operator on each fixed edge. Fix s = 1,p, and consider the following
inverse problem on the edge e; .

Inverse problem 2. Given the Weyl-type matrix M, , construct the potential ¢, on
the edge e, .

In this inverse problem we construct the potential only on the edge e, , but the Weyl-type
matrix M, brings a global information from the whole graph. In other words, this problem
is not a local inverse problem related only to the edge e .

Let us prove the uniqueness theorem for the solution of Inverse problem 2. For this purpose
together with ¢ we consider a potential §. Everywhere below if a symbol a denotes an
object related to ¢, then a will denote the analogous object related to q.

Theorem 1. Fiz s = 1,p. If M, = M,, then qs = §s. Thus, the specification of the
Weyl-type matrix M uniquely determines the potential qs on the edge e .

We omit the proof since it is similar to that in [23, Ch.2]. Moreover, using the method
of spectral mappings and the asymptotics (20) for the Weyl-type solutions, one can get a
constructive procedure for the solution of Inverse problem 2. It can be obtained by the same
arguments as for n-th order differential operators on a finite interval (see [23, Ch.2] for
details). Note that like in [23], the nonlinear Inverse problem 2 is reduced to the solution of
a linear equation in the corresponding Banach space of sequences. The unique solvability of
this linear equation is proved by the same arguments as in [23].

Fix i=1,m, 7 =p;_1 + 1,p;. Now we define an auxiliary Weyl-type matrix with respect
to the internal vertex v, and the edge e; .
Let @;i(zj, A), k=1,n;, besolutions of equation (1) on the edge e; under the conditions

@gz_l)(lj, )\) = 6k”’ V= L_k7 prlé_l)(07 >‘) = 07 n= 17 n; — k.

We introduce the matrix m;(A) = [mx, (A =17, Where mjp, (A) = gpgg_l)(lj, A). Clearly,
Mk (A) = 0 for k> v, and detm;(A) = 1. The matrix m;(\) is called the Weyl-type
matrix with respect to the internal vertex vy and the edge e; . Consider the following inverse
problem on the edge e; .

Inverse problem 3. Fix j = 1,p. Given the Weyl-type matrix m; , construct the
potential g; on the edge e; .

This inverse problem is the classical one, since it is the inverse problem of recovering a
higher-order differential equation on a finite interval from its Weyl-type matrix. This inverse
problem has been solved in [23], where the uniqueness theorem for this inverse problem is
proved. Moreover, in [23] an algorithm for the solution of Inverse problem 3 is given, and
necessary and sufficient conditions for the solvability of this inverse problem are provided.

5. Solution of Inverse Problem 1. In this section we obtain a constructive procedure
for the solution of Inverse problem 1 and prove their uniqueness. First we prove an auxiliary
assertion.



Lemma 3. Fiz i =1,m, j =p;_1+ 1,p;. Then for each fized s =1,p; \ j,

- wsl (l]> )‘) o
mjll/(/\) = m v=2,n, (25)
(1. (k—2) (v—-1) ‘ .
m]kl/()\) _ det[wsw(la? ) wspj ( ) wsuj ( ) )]u: 1,k 2 < k<u < n;. (26)

det Ww (lj’ )\)]5#:17“

Proof. Denote
Parj(5, A)
Y (L, A)

The function wjs(z;,A) is a solution of equation (1) on the edge e;, and wj,(l;,\) =1

wis(xj, A) 1=
Moreover, by virtue of the boundary conditions on W, , one has w(g 1)(0 A) =0, &=

1,n; — 1. Hence, wjs(z;, \) = @j(xj, ), ie.

iz, \) = % (27)

Similarly, we calculate

det[%m@ ) .- ,%Z ? (l )‘) 2ﬁsuj (xja )‘)]sz

SOjk:(xj; )\) = y ]{7 = 2, n; — 1 (28)
det[p; " (1 Vet
Since Mg, (A) = ‘P]k (l A), it follows from (27)-(28) that (25)-(26) hold. O

Now we are going to obtain a constructive procedure for the solution of Inverse problem
1. Our plan is the following.

Step 1. Let the Weyl-type matrices {M,(\)}, s = 1,p \ py , be given. Solving Inverse
problem 2 for each fixed s = 1, p\py, we find the potentials ¢, on the edges e, , s = 1,p\py -

Step 2. Using the knowledge of the potential on the edges e, , s =1, p\py , we construct
the Weyl-type matrix my,, .

Step 3. Solving Inverse problem 3 for j = py we find the potential ¢,, on the edge
epn -

Steps 1 and 3 have been already studied in Section 4. It remains to fulfil Step 2.

Suppose that Step 1 was already made, and we found the potentials ¢,, s =1,p\ pn ,
on the edges e;, s =1,p\ py . Then we calculate the functions Cy;(z;,\), 7 =1,p\ px;
here k =1,n; for j =p,_1 + 1,p;.

Fix s=1,p; (if N>1),and s=1,p; —1 (if N =1). All calculations below will be
made for this fixed s.

Our goal now is to construct the Weyl-type matrix m,,, (A). For this purpose we will use
Lemma 3. According to (25)-(26), in order to construct m,,(A) we have to calculate the
functions

o (lpy:A)y E=1ny -1, v=0,ny— 1 (29)

skpn
We will find the functions (29) by the following steps.

1) Using (10) we construct the functions
wsks(ls,)\) k=1ny—1, v=0,n —1, (30)

by the formula
VR0 = C0N + 30 Muy W L) (31)

p=k+1
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Clearly, one can construct (30) for k= 1,n; — 1, but we need (30) only for k =1,ny — 1.
2) Consider a part of the matching conditions (8) on W, . More precisely, let & =

.m, k=mnep,ne —1, 1=¢6m, j=1,p,— 1. Then, in particular, (8) yields

Upw(Wsip) = U (Vsk); v =mn1 — Lmin(k — 1,m; — 2). (32)

Since the functions (30) are known, it follows from (32) that one can calculate the functions

¢(V)(lj,/\), E=N,m, k=nep,ne—1,1=&m, j=1,p, v=mn41 — L, min(k —1,n, — 2).

skj
(33)
In particular we found the functions (29) for v =0,k — 1.
3) It follows from (11) and the boundary conditions on Wy, that
ny
wskj(xj,)\) = Z Mskjﬂ()\)CM(:vj,)\), k= 1,7?,1—1, [ = 1,m, j:pl_1+1,pl\8,
p=max(n;—k+1,2)
and consequently,
ng
Wal N = 3 MG 1), (34)

p=max(n;—k+1,2)

E=1n—-11=1m, j=pa1+Lp\s, v=0mn—1.

We consider only a part of relations (34). More precisely, let £ = N,m, k =nep,ne — 1, | =
17m7 j =p-1+ 17pla j #p]\U j ?A S, V= O,mlﬂ<k - lanl - 2) Then

ny

S Mug WO (15,0 = w15, N), v=0min(k— L —2).  (35)

H skj

p=max(n;—k+1,2)

For this choice of parameters, the right-hand side in (35) are known, since the functions (33)
are known. Relations (35) form a linear algebraic system oy; with respect to the coeflicients
My (X). Solving the system by Cramer’s rule we find the functions Mg, (X). Substituting
them into (34), we calculate the functions

¢§Z;(ZJ7A)7 k:17nN_1a l:17m7 j:pl—1+1apl\pN7 Vzovnl_l' (36)

Note that for j = s these functions were found earlier.

4) Let us now use the generalized Kirchhoff’sconditions (9) for Wy . Since the functions
(36) are known, one can construct by (9) the functions (29) for k =1,ny — 1, v =k, ny — 1.
Thus, the functions (29) are known for k=1,ny — 1, v =0,ny — 1.

Since the functions (29) are known, we construct the Weyl-type matrix m,,, (A) via (25)-
(26) for j = py. Thus, we have obtained the solution of Inverse problem 1 and proved its
uniqueness, i.e. the following assertion holds.

Theorem 2. The specification of the Weyl-type matrices My()\), s=1,p\pn , uniquely
determines the potential q on T. The solution of Inverse problem 1 can be obtained by the
following algorithm.

Algorithm 1. Given the Weyl-type matrices My()\), s=1,p\ px -

1) Find the potentials qs, s = 1,p\ pny, by solving Inverse problem 2 for each fized
s=1,p\pn .

2) Calculate C’,g;)(lj, A, i=1,p\pn; here k=1,n;, v=0,n;—1 for j=p,_1+1,p;.

3) Fir s=1,p; (if N>1), and s=1,py—1 (if N=1). All calculations below will
be made for this fized s. Construct the functions (30) via (31).
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4) Calculate the functions (33) using (32).

5) Find the functions Mgy, (N), by solving the linear algebraic systems ogy; .
6) Construct the functions (29) using (9).

7) Calculate the Weyl-type matriz m,, (\) via (25)-(26) for j =py .

8) Construct the potential q,, on the edge e,, by solving Inverse problem 3.

Remark 1. Inverse problem from a system of spectra. The zeros Mgy, = {Nskp bi>1 of the
entire functions Ay, (A) coincide with the eigenvalues of the boundary value problems Ly, .
The inverse problems of recovering the potential ¢ from systems of spectra are formulated
as follows.

Inverse problem 4. Given Ay, , s=1,p\pny, k < p, construct ¢ on 7.

Since the functions Ay, (A) are uniquely determined by their zeros, it follows from (12)
that this inverse problem can be reduced to Inverse problem 1.
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