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Abstract

For a bounded domain 2 in RN with Lipschitz boundary I' = 8} and a relatively

open and non-empty subset I', of I", we prove the existence of a positive constant ¢
such that inequality

cITlz@rexmy < lsymTlzqpyeny + [Curl Tl 2 puxniv-ny  (0.1)

holds for all tensor fields T € H(Curl; Ty, @, RV*N) this is, for all square-integrable
tensor fields T : @ — RY*N having a row-wise square-integrable rotation tensor
field Curl T : 2 — RV*N(N-1)/2 a1 vanishing row-wise tangential trace on T'.

For compatible tensor fields T = Vv with v € HY{{,R") having vanishing
tangential Neumann trace on I'; the inequality (0.1) reduces to & non-standard
variant of Korn's first inequality since Curl T" = 0, while for skew-symmetric tensor
fields T Poincaré’s inequality is recovered.

If Ty = @, our estimate (0.1) still holds at least for simply connected {2 and for all
tensor fields 7' € H(Curl; 2, R¥*¥) which are L2(Q, RVN*¥)-perpendicular to so{IV),
i.e,, to all skew-symmetric constant tensors.

Key Words Korn’s inequality, Poincaré’s inequality, Maxwell’s equations, Helmholtz’

decomposition, gradient plasticity, incompatible tensor fields, differential forms,
mixed boundary conditions
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1 Introduction and Main Results

We extend the Korn-type inequalities from [16] presented earlier in less general settings
in [13, 12, 15, 14] to the N-dimensional case. For this, let N € N and © be a bounded

domain in RY as well as T, be an open subset of its boundary I' := 8. Our main result
reads:

Theorem 1 (Main Theorem) Let the pair (Q,T;) be admissible*. There exist con-
stants 0 < c1 < ¢ such that the following estimates hold:

(i)

(ii)

(i)

IfTy # 0, then the inequality

“T"Lz(ﬂ) S, Cl( "Sym T"LQ(Q) + ||Cur1T||L2(g) )
holds for all tensor fields T € ﬁ(Curl;Ft,Q). In other words, on Ifl(Curl; Iy, ) the
right hand side defines a norm equivalent to the standard norm in H(Curl; ).

IfTy = O, then for all tensor fields T € H(Curl; Q)' there exists a piece-wise constant
skew-symmetric tensor field A, such that

IT- A|||_2(g) < ea( [sym T"Lﬁ(n) + |Curl T"G(ﬂ) )
Note that, in general A ¢ H(Curl; Q).

IfTy = 0 and © is additionally simply connected, then for all tensor fields T in

H(Curl; Q) there exists a uniquely determined constant skew-symmetric tensor field
A= Ar € s0(N)}, such that

Since Ap € H(Curly; ©2) one can easily estimate |T' — Ar "H(Curl;n) as well. Moreover,
T — Ar € H{Curl; Q) Nso(N)*~ and Ay = 0 if and only if TLso(N). Thus, the
inequality in (i) holds for all T € H(Curl; ) Nso(N)* as well. Therefore, also on

H(Curl; Q) Nso(N)* the right hand side defines o norm equivalent to the standard
norm in H(Curl; Q).

*The precise meaning of ‘admissible’ will given in Definition 25.
<]
HIf Iy = 9, then H(Curl; T, £2) = H(Curl; Q).
!50(N) denotes the set of all constant skew-symmetric tensors, i.e., (N x N )-matrices.
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Remark 2

(i) Here, the differential operator Curl denotes the row-wise application of the stan-
dard curl in RY and a tensor field T belongs to the Hilbert Sobolev-type space

I:I(Curl;l"t, Q) if T and its distributional Curl T belong both to the standard Lebesque
spaces L*() and the row-wise weak tangential trace of T wvanishes at the boundary
part I'y. Ezact definitions of all spaces and operators used will be given in section 2.

(ii) In (4’) the special constant skew-symmetric tensor field Ar is given explicitly by
Ar = TeonyT € 56(N), where meo(ny : L2(Q) — s0(N) denotes the L2()-orthogonal
projection onto s0(N) and can be represented by

1T50(N}T = skewf Tdx e EO(N).
0

Furthermore, Ar can also be computed by
Ar = Ap := TR = skewjg RdX € sa(N),
Q

where R denotes the Helmholtz projection of T onto H(Curly; Q) according to Corol-
lary 18.

(iii) The constants ¢, and ca are given by (3.3) and (3.4) and these depend in a simply
algebraic way only on the constants cy, ¢y tn Korn’s first and the Mazwell inequality.

For the proof of Theorem 1 we follow in close lines the proofs from {16]. Therefore,
again we need to combine three crucial tools, namely

e a Maxwell estimate, Corollary 17;
e a Helmholtz decomposition, Corollary 18;

e a generalized version of Korn’s first inequality, Lemrma, 29.

Our assumptions on the domain © and the part of the boundary T, i.e., on the pair
(©,T;), are precisely made for this three major tools to hold. We will present these
assumptions in section 2 and a pair (@, T;) satisfying those will be called admissible.

Theorem 1 can be looked at as a common generalization and formulation of two well
known and very important classical inequalities, namely Korn’s first and Poincaré’s
inequality. This is, taking irrotational tensor fields T, i.e., CurlT = 0, then a non-
standard version of Korn’s first inequality

¢ “T - AT|IL2(Q < HS}’IIIT"L2 )
) (

holds for all T € I:(Curlo;l"t, Q2), where Ay = 0 if I'; # 0. Another, less general choice, is
T = Vv yielding

c|[Vo = Avoli20) < lsym Vo[ aq,
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gq=1,N=3
E >t vector field
d=curl = 9x, §d = div="9V.

T € s0(N)

T=%v=.,
{T skew)

Figure 1: The three fundamental inequalities are implied by two. For the constants we
have ¢, = cp0, €n = ¢ and Ck, Cp < €.

with some vector field v belonging to H'(T'y; 2) or just to HY(Q) with Vo, n=1,... N
normal at I';. Note that

H

vﬁl(rt;sz), V{v € H'() : Vv, normal at T;Vn=1,...,N} C I?-I(Curlg;l"f,ﬂ).

On the other hand, taking a skew-symmetric tensor field 7T ie, symT = 0, then
Poincaré’s inequality in disguise

e|T - AT||L2(Q) < ||Cur1T"L2(n)

appears, where again Ar = 0 if I'; # . We note that since T’ can be identified with a
vector field v and the Curl is as good as the gradient V on v we have

¢lv— Cv“l_?(a) < ||VU||L2(Q)

with ¢, € RY and ¢, = 0 if T'; # §. These connections between Korn’s first and Poincaré’s
inequalities and also to the Maxwell inequalities and the more general Poincaré-type
inequalities are illustrated in Figure 1.

2 Definitions and Preliminaries

As mentioned before, let generally N € N and © be a bounded domain in RV as well
as I'; be an open subset of the boundary I' = Q. We will use the notations from our
earlier papers [14] and [13, 12, 15, 16].

2.1 Differential Forms

In particular, we denote the Lebesgue spaces of square-integrable g-forms® by L22(0).
Moreover, we have the standard Sobolev-type spaces for the exterior derivative d and

Salternating differential forms of rank ¢ € {0,...,N}
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co-derivative § := (—1)%~D¥ x d x (acting on g-forms)
DY) := {E € L*(Q) : dE € L2*(Q)},
AYQ):={H e L*(Q) : § H € L2T1Q)},

where as usual * denotes Hodge's star isomorphism. C®9(f2) is the space of smooth and
compactly supported g-forms on 2, often called test space. Due to the more complex

geometry and topology of the domain 2 and its boundary parts I', T'; we need some more
test spaces

Em’q(l"t,ﬂ) = {E € C™4(?) : dist(supp E,T) > 0},
C°2@) = {Elq : E € CoURM)}.
Then, we define
DY(Ty, ) := Coo(Ts, 2)

taking the closure in DY(€2) and note that a g-form in E)q(l"‘t, 1) has generalized vanishing
tangential trace¥ on T'y. If I', = T we can identify C*%(T;, ) with C®9(£2) and write

DYy, Q) = Ca(Ty, Q) = Cooa(Q) =: DI(Q).

If I'; = 0 we have (OZC""‘?(I'}, Q) = C>9(0) and thus

DU, §2) = Coa(Ty, Q) = C=a(T) € DY(Q).

Equality in the last relation means the density result C=9((}) = D(Q2), which holds,
e.g., if {2 has the segment property!. The latter is valid, e.g., for domains with Lipschitz
boundary. An index 0 at the lower right, corner indicates vanishing derivatives, e.g.,

DY(T., Q) = {E € DT, Q) : d F =0},

Analogously, we introduce the corresponding Sobolev-type spaces for the co-derivative &
which are usually assigned to the boundary complement I",, := T\T}; of T';. We have, e.g.,

AYQ) = {H e AYQ) : §H =0}, AYT,,Q), AYT,,0),

where in the latter spaces a vanishing normal trace on I, is generalized. Moreover, we
define the spaces of so called ‘harmonic Dirichlet-Neumann forms’

HY(Q) := DY(Ty, ) N AYT,, Q). 2.1)

YThis can be seen easily by Stokes’ theorem.
1See, e.g., (1, 33, 7).
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We note that in classical terms a harmonic Dirichlet-Neumann ¢-form F satisfies

dE=0, 6E=0, Elr,=0, **E|, =0,

where ¢* denotes the pullback of the canonical embedding ¢ : T' < 1 and the restrictions
to I'; and T, should be understood as pullbacks as well. Equipped with their natural
graph norms all these spaces are Hilbert spaces.

Now, we can begin to introduce our regularity assumptions on the boundary I' and
the interface v := I, N T,,. We start with the following;

Definition 3 The pair (S, T}) has the ‘Mazwell compactness property’ (MCP), if for all
q the embeddings

DY(T,, Q) N AY(T,, Q) < L)

are compact.

Remark 4

(i) There ezists a substantial amount of literature and different proofs for the MCP. See

(ii)

for ezample the papers and books of Costabel, Kuhn, Leis, Pouly, Picard, Saranen,
Weber, Weck, Witsch (3, 8, 9, 10, 11, 17, 18, 19, 20, 21, 28, 28, 24, 25, 26, 28,
29, 30, 31, 32]. All these papers are concerned with the special cases Ty = T' resp.
Ty =0. Forthe case N =3, ¢ =1, i.e, @ C R3, we refer to [9, 9, 10, 11, 22,
24, 26, 28, 29, 30, 32/, whereas for the general case, i.e., @ C RY or even Q a
Riemannian manifold, we correspond to [8, 17, 18, 19, 20, 21, 23, 85, 31]. We note
that even weaker regularity of I' than Lipschitz is sufficient for the MCP to hold. The
first proof of the MCP for non-smooth domains and even for smooth Riemannian
manifolds with non-smooth boundaries (cone property) was given in 1974 by Weck
wn (31]. To the best of our knowledge, the strongest result so far can be found in [26].
See also our discussion in [16]. An interesting proof has been given by Costabel in
[8]. He made the detour of showing more fractional Sobolev regqularity for the vector

fields. More precisely, he was able to prove that for Lipschitz domains ) C R® and
g =1 the embedding

DY) N AY(Q) — HY/2(Q) (2.2)

s continuous. Then, for all 0 < k < 1/2 the embeddings

D9(2) N AY(Q2) < HE(Q)
are compact, especially for k = 0, where H*(Q) = L*(Q2) holds.

For the general case ) C Ty C T with possibly @ C Ty G T, Jochmann gave a proof for
the MCP in [6], where he considered the special case of a bounded domain Q C R®.
He can admit Q to be Lipschitz and -y to be a Lipschitz interface. Generalizing the
ideas of Weck in [81], Kuhn showed in his dissertation (7] that the MCP holds for
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smooth domains Q@ C RN or even for smooth Riemannian manifolds Q with smooth
boundary and admissible interface . See also our discussion in [16].

A result, which meets our needs, has been proved quite recently by M. Mitrea and
his collaborators. More precisely, we will use results by Gol'dshtein and Mitrea (I.
& M.) from [4]. In the language of this paper we assume Q to be o weakly Lipschitz
domain, this is, Q is a Lipschitz manifold with boundary, see [4, Definition 3.6, and
I'y C T to be an admissible patch (yielding v to be an admissible path), i.e., Ty is a
Lipschitz submanifold with boundary, see [{, Definition 8.7]. Roughly speaking, §
and I'; are defined by Lipschitz functions. Here, the main point in proving the MCP,
2., (4, Proposition 4.4, (4.21)], is that then Q is locally Lipschitz diffeomorphic
to a ‘creased domain’ in RY, first introduced by Brown in [2]. See [{, Section 3. .6/
for more details and to find the statement ‘Informally speaking, the pieces in which
the boundary is partitioned are admissible patches which meet at an angle < 7. In
particular, creased domains are inherently non-smooth’. Whereas in [4] everything
is defined in the more general framework of manifolds, in [5] the MCP is proved
by Jakab and Mitrea (I. & M.) for creased domains @ C RY. By the Lipschitz
diffeomorphisms, the MCP holds then for general manifolds/domains @ as well. In
(5] the authors follow and generalize the idea (2.2) of Costabel from [3]. Particularly,

in [5, (1.2), Theorem 1.1, (1.9)] the following reqularity result has been proved: For
all g the embeddings

DT, ) N AT, Q) < HY2(Q)

are continuous. Therefore, as before, for all g and for all0 < k < 1/2 the embeddings
DY(T,, Q) N AYT,, 2) — HE(Q)

are compact, giving the MCP for k = 0.

By [4, Proposition 4.4, (4.21)] and the latter remark we have:

Theorem 5 Let Q2 be a weakly Lipschitz domain and Ty be an admissible patch, t.e., let

§2 be a (weakly) Lipschitz domain and T, be an Lipschitz patch of T'. Then the pair (Q Ft)
has the MCP.

Corollary 6 Let the pair (Q,T;) have the MCP. Then, for all g the spaces of harmonic
Dirichlet-Neumann forms HY(S) are finite dimensional,

Proof The MCP implies immediately that the unit ball in #%($2) is compact. a

For details about the particular dimensions see [22] or [4]. We note that the dimensions
of H¥(Y) depend only on topological properties of the pair (Q,T7).

Lemma 7 (Poincaré-type Estimate for Differential Forms) Let the pair (Q,T) have the
MCP. Then, for all q there exist positive constants Cpg> Such that

1/2
|2l 200y < eno(1d Elfzars gy + 18 Elfargy )
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holds for all B € DA(Ty, 2) N ATy, Q) N HI(Q)L. Moreover,
. 1/2
k(id _WQ)E"LQ’G(Q) < e ld E"fz,wl(n) +[é E"tz.za-l(g)) /

holds for all FE € [O)‘I(I‘g, Q)N Bq(Pn, Q), where my : L>4(Q) — HI(Q) denotes the L>9(2)-
orthogonal projection onto the Dirichlet-Neumann forms H(Q).

Here and throughout the paper, 1 denotes orthogonality in L29(0).

Proof A standard indirect argument utilizing the MCP yields the desired estimates. [J

By Stokes’ theorem and approximation always

DY, Q) C (FATT, Q))F,  AYT,, Q) C (dD)(T,, Q))*

hold. Equality in the latter relations is not clear and needs another assumption on the
pair (2, T%).

Definition 8 The pair (Q,Ty) has the ‘Mazwell approzimation property’ (MAP), +f for
all g

DT, ) = (6 AT (T, Q))E,  AYTn, Q) = (d O1(Ty, O))-

Remark 9 By *-duality the pair (2, Ty) has the MAP, if and only if the pair (Q,T,) has
the MAP, i.e., if and only if for all ¢

DYT,, ) = (S AT (T, Q)L,  AY(T, Q) = (d DL (I,, Q)

Remark 10 IfT; =T or Iy =0, the MAP is simply given by the projection theorem in
Hilbert spaces and by the definitions of the respective Sobolev spaces. For the general case
0 C Iy C T with possibly @ C Ty C T, Jochmann proved the MAP in (6] considering the
special case of a bounded domain Q0 C R3. As in Remark 4 he needs Q to be Lipschitz and
7 to be a Lipschitz interface. Kuhn showed the MAP in [7] for smooth domains Q0 C RY or
even for smooth Riemannian manifolds Q with smooth boundary and admissible interface
v. Again, a sufficient result for us has been given recently by Gol’dshtein and Mitrea (I &

M.) in [4, Theorem 4.8, (4.16)]. Like in Remark 4, for this Q! has to be a weakly Lipschitz
domain and I'y C T' to be an admissible patch.

By [4, Theorem 4.3, (4.16)] and the latter remark we have:

Theorem 11 Let £ be o weakly Lipschitz domain and I'y be an admissible patch, i.e.,

let £ be a (weakly) Lipschitz domain and Ty be an Lipschitz patch of T. Then the pair
(2, Ty) has the MAP.
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Lemma 12 (Hodge-Helmholtz Decomposition for Differential Forms) Let the pair (Q,T)
have the MAP. Then, the orthogonal decompositions

L29(Q) = d De-1(T, ) @ AYT,, Q)
= DY(T,, Q) & 6 A+ (T, )
= dDe1 (T, ) & HIQ) @ § ATH(T, )
hold. If the pair (Q,T;) has additionally the MCP, then
dD*(Ty, @) = d (D7 (4, @) N 6 AY(T,, 9)) = DYT,, Q) NHERQ),
5 AT(T,, Q) = & (AT (T, Q) N dDY(T, Q) = AL(T,, Q) NHI(Q):
and these are closed subspaces of L>%(Q). Moreover, then the orthogonal decompositions
L29(Q) = d D*Y(T,, Q) ® AY(T,, )
= DTy, ) @ 6 A™!(T,, )

= dDU (T, Q) B HUQ) @ § AT, Q)
hold.

Here, @ denotes the L*¢(f2)-orthogonal sum and all closures are taken in L29(2).

Proof By the projection theorem in Hilbert space and the MAP we obtain immediately
the two L*9(Q)-orthogonal decompositions

D1 (T, Q) @ ALT,, ) = L24(Q) = DY(T, Q) @ § As+\(T,,, ),
where the closures are taken in L*9((2). Since
dDH(T, Q) € YT, Q), §A™ (T, Q) € AY(T,, Q)

and applying the latter decompositions separately to AJ(T,,Q) or DE(T:, Q) we get a
refined decomposition, namely

L29(Q2) = d DeL(I, Q) & HU(Q) @ 6 A1 (T,, Q).

Applying this decomposition to Bq‘l(l“t, 2) and Z\q"'l(l"n, ) yields also
dD™(T, Q) = d (D*(T,, @) N8 Aa(T,,, ),
5 AT, Q) = 6 (A™Y(T,, Q) N d DTy, Q).

Now, Lemma 7 shows that d E)q‘l(I‘t, Q) and § AOX‘TH(I‘", Q) are even closed subspaces of
L>9(£2). Hence, we obtain the asserted Hodge-Helmholtz decompositions of L*¢(Q). O
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g | 0 1 2 3
d grad curl div 0
0 0 div —curl grad
DY(T, ) || H(grad; [, @) | H(cur; T, @) | H{div;Ts, Q) L2()
AT, Q) L2() H(div;T,,, Q) | H(eur;T,, Q) | H(grad; T, Q)
L;tE Elrt X Elrt v - El]’_"z 0
@f»{"n * [D 0 V- Elrn - X (V X E)l[\n E'[‘n

Figure 2: identification table for g-forms and vector proxies in R3

2.2 Functions and Vector Fields

We turn to the special case ¢ = 1, the case of vector fields, and use the notations and
identifications from [14] and [12, 15, 16]. Especially, L>9(Q) can be identified with the
usual Lebesgue spaces of square integrable functions or vector fields on Q with values in
R™ n:i=ny, = (‘;\:), and will be denoted by L*(2) := L*(£2, R®). We have the standard
Sobolev spaces

H(grad; ) := {u € LX(Q,R) : gradu € L2(Q,RM)},

H(div; ) := {v € L*(Q,R") : divv € L(Q, R)},

Hleurl; Q) := {v € L*(2,R") : curlv € L2(Q, R¥YW-1/2)}

and by natural isomorphic identification
D°(Q) = H(grad; @), A'(Q) = H(div; ), DY) = H(curl; Q).

Generally D¥(§2) = AN=7(Q2) holds by Hodge star duality. For v € C°(€2) and N = 3,4

-61’02—82'{}1-
62'03—83’02 glv?»"“g{ivl

curlv = |83v; — dyva| €R?, curlo = 1V =04ty € RS
B Vo — Fo v 82'03_83,02
vz 2t 62'04—84?)2
_831’4—34’03_

hold, whereas curlv = 8, va — dyv1 € R or curlv € R for N = 2 or N = 5, respectively.
Moreover, we have the closed subspaces

Hgrad;T;,Q), H(eurl;T,,Q), H(div; Ty, ),
in which the homogeneous scalar, tangential and normal boundary conditions

ulpt=0, VX’U|rt=0, L/"UI[‘R=0
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are generalized, as reincarnations of D%(Ty, ), D}(T, Q) and AY(T,,, Q), respectively. Here
v denotes the outer unit normal at I'. If Ty =T (and I, = §) resp. Ty =@ (and I, = I)
we obtain the usual Sobolev spaces

Higrad; ), H(cwl;Q), H(div;Q)
resp. |
H(grad; Q), H(curl;€), H{div;Q).

We note that H{grad; ) and Ifl(grad; ) coincide with the usual standard Sobolev spaces

H'(22) and H(), respectively. As before, the index 0, now attached to the symbols curl
or div, indicates vanishing curl or div, e.g.,

}c-’l(curlg;l"t,ﬂ) ={ve lgl(curl;Ft,Q) : curly = 0},
H(dive; ©2) = {v € H(div; ) : dive = 0}.
Finally, we denote the ‘harmonic Dirichlet-Neumann fields’ by
HY(Q) = H(Q) = Ifi(curlo; T, )N lfl(divo; T, 0).

Assuming the MCP for the pair (Q,T;), then H(S2) is finite dimensional by Corollary
6 and we have the two (out of four) compact embeddings

=]

H(grad; s, ) < L3(£2), (2.3)
H(curl; Ty, ) N H(div; T, Q) < L), (2.4)

Le., Rellich’s selection theorem {g = 0) and the vectorial Maxwell’s compactness property
(g = 1). Moreover, by Lemma 7 we get the following Poincaré and Maxwell estimates:

Corollary 13 (Poincaré Estimate for Functions) Let the pair (Q,T}) have the MCP and
Cp:= cpo. Then

||“||L2(Q) < ¢p |grad u|||_2{n)

holds for all u € Ifl(graud; Ty, Q) if Iy # 0 and for all v € H(grad; Q) NRL 4 T, = 0.
Moreover, for all v € H(grad; Q)

| Gid —o)ul 2y < cp|grad ulzq)
holds, where my : L2(Q2) — R denotes the L*(Q)-orthogonal projection onto the constants.

We note that if Ty # @ we have H°(Q) = {0}. Furthermore, #°(?) = R and
H{grad; I';, Q) = H{grad; Q) hold if I'; = .
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Corollary 14 (Maxwell Estimate for Vector Fields) Let the pair (Q,T,) have the MCP and
Co = Cp1. Then

. 1/2
“U"Lz(ﬂ) S Cm( ucurl’vﬁfz(ﬂ) + "d]V 'U"ﬁ:%{ﬂ)) /

holds for all v € ;I(curl;I‘t,Q) N ﬁ(div;f‘n, ) NHED) as well as

; 2 .2 1/2
i(id —7T1)U||L2(g) < Cm( ||CU1'1’U|||_2(Q) + ||d1VU||L2(n)) /

holds for all v € Ifl(curl;l“t,ﬂ) N I(:l(div;l"n, ), where again m : L*(Q) — H(Q) denotes
the L*(R2)-orthogonal projection onto the Dirichlet-Neumann fields H(2)

Lemma 12 yields:

Corollary 15 (Helmholtz Decompositions for Vector Fields) Let the pair (,T) have the
MCP and the MAP. Then, the orthogonal decompositions

L2(Q) = grad H(grad; T, Q) @ H(divo; T, Q)
= ﬁ(curlo; I'y, ) & curl I(-)I(curl;l"n, Q)
= grad Ifi(grad; I, Q) & H(Q) & curl Ifl(curl; Q)

hold. Moreover,

o

curl |f|(curl; ', 2) = curl (H(curl; T, Q) N curl |2|(cur1; Ty, ).

2.3 Tensor Fields

Next, we extend our calculus to tensor fields, Le., matrix fields. For vector fields v with
components in H(grad; 2) and tensor fields T' with rows in H(curl; Q) resp. H(div; ), i.e.,

m T]_T-
v=1:|, wv,€H(grad;§), T = ,  Tn € H{curl; Q) resp. H(div; )
T
’UN TN_
forn=1,..., N we define (in the weak sense)
grad v, [ curl™ T, div Ty
Gradv := : =J,, CuwlT:= : , DivT := : ,

grad vy _curlTTN div Ty

where J,** denotes the Jacobian of v and T the transpose. We note that v and Div T are N-
vector fields, T' and Grad v are (N x N)-tensor fields, whereas Curl T is a (N x N(N—1)/2)-
tensor field. The corresponding Sobolev spaces will be denoted by

H(Grad; ), H(Curl;©2), H(Curly;Q), H(Div;€), H{Divy: Q)

**Sometimes, the Jacobian J, is also denoted by V.
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and

H(Grad; Ty, Q), H(CurT,,Q), H(Curly;Ty, ), H(Div;Th, ), H(Dive;Ty, ),

again with the usual notations if T'; € {#,T'}.
From Corollaries 13, 14 and 15 we obtain immediately:

Corollary 16 (Poincaré Estimate for Vector Fields) Let the pair (Q,T) have the MCP.
Then

||U|||_2(Q) <6 ||Grad’u||,_z(m

holds for all v € IiI(Grad; [y, ) if Ty # 0 and for all v € H(Grad; Q) N (RV)}L 4T, = 0.
Moreover, for all v € H(Grad; Q)

holds, where nf’ : L*(€2) — RY denotes the L2(Q)-orthogonal projection onto RY .

Corollary 17 (Maxwell Estimate for Tensor Fields) Let the pair (,T;) have the MCP.
Then 4

. 2

ITlxiey < ca( ICurl Tz + IDiv Ty )

holds for all T € ;I(Curl; I, Q)N ;I(Div;Fn, D N{HOM)L as well as
. : . i/2

13~ )T 2 gy < ca( ICUN T2 g, + |Div Tl ) /

holds for all T € ;I(Curl;I‘t, on }:(DiV;I‘n,Q), where T : L2(Q) — H(DN denotes the
L2(Q)-orthogonal projection onto the (N-times)-Dirichlet-Neumann fields H(Q)V.

Corollary 18 (Helmholtz Decompositions for Tensor Fields) Let the pair (§2,T) have the
MCP and the MAP. Then, the orthogonal decompositions

L*() = Grad H(Grad; I, ) & H(Divo; I, Q)
= Ifl(Curlo; I, ©2) @ Curl Q(Curl; [, Q)
— Grad H(Grad; Ty, Q) @ (H ()" & Curl F(Curl; T, )

hold. Moreover,

Curl H(Curl; Ty, ©) = Curl (H(Curl; T, Q) 1 Curl (Curl; Ty, ).

We also need Korn's First Inequality.
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Definition 19 (Korn's Second Inequality) The domain  has the ‘Korn property’ (KP),
if

(i) Korn's second inequality holds, this is, there exists a constant ¢ > 0, such that for
all vector fields v € H(Grad; £2)

c|Gradv] gy < [ 2q) + Isym Grad vf 2(q ,
(ii) and Rellich’s selection theorem holds for H(grad; Q), this is, the natural embedding
H(grad; Q) — L%(2) is compact.
Here, we introduce the symmetric and skew-symmetric parts
sym7T := %(T +T7), skewT :=T —symT = %(T -TT)
of a tensor field T = skew T + sym T,

Remark 20 There exists a rich amount of literature for the KP, which we do not intend
to list here. We refer to our overview on Korn's inequalities in [16].

Theorem 21 Korn’s second inequality holds for domains Q having the strict cone prop-
erty. For domains 2 with the segment property, Rellich’s selection theorem for H{grad; )
ws valid. Thus, e.g., Lipschitz domains Q) possess the KP.

Proof Book of Leis [11]. a

By a standard indirect argument we immediately obtain:

Corollary 22 (Korn's First Inequality: Standard Version) Let Q have the KP. Then, there
erists a constant ¢, > 0 such that the following holds:

(i) IfTy #0 then
(1+ C%)_m ||’U|||-|1(n) = ||GradU||L2(9) < g, Jsym Grad’””ﬁ(ﬂ) (2.5)

holds for all vector fields v € H(Grad; Ty, Q).

(ii) If Ty = 0, then the inequalities (2.5) hold for all vector fields v € H(Grad; Q) with
Gradv.lso(N) and v.LRY. Moreover, the second inequality of (2.5) holds for all
vector fields v € H(Grad; Q) with GradvL so(N). For all v € H(Grad; Q)

(1+ cf,)_l/2 v — Tqul(g) < |Gradv — Acradolizn) £ ces [sym Gradv] 2, (2.6)

holds, where the ridgid motion r, and the skew-symmetric tensor Aguq, = Gradr,
are given by ry(z) ‘= AgragoT + b, and

AGrady 1= skewf GradvdX € so(N), b, := f vdA — AGradv% zdi, € RY.
o o o

We note v — r, LRY and Grad(v — r,) = Gradv — Agaq,-L 50(N).

"' Note that sym 7" and skew T are point-wise orthogonal with respect to the standard inner product
in RV*N,
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Here, we generally define
jtg wdX = A(Q)™ / wdA, A Lebesgue's measure.
o Q

We note that Agrade = Teow) Grad v € s50(N), where Teo(N) L2(Q) — 50(N) denotes
the L*(Q)-orthogonal projection onto the constant skew-symmetric tensor fields so(V).
Moreover, we have generally for square integrable (N x N)-tensor fields T

o) 1= Ap 1= Skew% T dX € so(N). (2.7)
194

2.4 Sliceable and Admissible Domains

The essential tools to prove our main result Theorem 1 are

o the Maxwell estimate for tensor fields (Corollary 17),
e the Helmholtz decomposition for tensor fields (Corollary 18),

e and a generalized version of Korn’s first inequality (Corollary 22).

For the first two tools the pair (£2,T;) needs to have the MCP and the MAP. The third
tool will be provided in Lemma 29 and needs at least the KP. As already pointed out,
these three properties hold, e.g., for Lipschitz domains € and admissible boundary patches
I's. Moreover, we will make use of the fact that any irrotational vector field is already a
gradient if the underlying domain is simply connected. For this, we present a trick, the
concept of sliceable domains, which we have used already in [16].

Definition 23 The pair (Q,T;) is called ‘sliceable’, if there exist J € N and Q; CQ,
J=1-..,J, such that Q\ (0 U...U,) has zero Lebesque-measure and for j=1,...,J

(i) Q; are open, disjoint and simply connected subdomains of Q having the KP,
(ii) Pt,j = int,—e| (ﬁ;ﬂ Ft) :,é @, 'J‘;f Ft ?é 0
Here, int, denotes the interior with respect to the topology on T'.

Remark 24 From a practical point of view, all domains considered in applications are
sliceable, but it is unclear whether every Lipschitz pair (Q,Ty) is already sliceable.

Now, we can introduce our general assumptions on the domain and its boundary parts.
Definition 25 The pair (2,T}) is called ‘admissible’, if

o the pair (Q,T) possesses the MCPand the MAP,

e and the pair (Q,T,) is sliceable.
Remark 26 In particular, the pair (Q,Ty) is admissible if

o () has o Lipschitz boundary T,

e I'; is a Lipschitz patch,

o (Q,T;) is sliceable.
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Figure 3: Some ways to ‘cut’ sliceable domains €2 in R* and R? into two (J = 2) or more
(J = 3,4) ‘pieces’. The boundary part T, is colored in light gray. Roughly speaking, a

domain is sliceable if it can be cut into finitely many simply connected Lipschitz pieces
£, Le, any closed curve inside some piece §2; is homotop to a point, this is, one has to
cut all ‘handles’. In three and higher dimensions, holes inside £ are permitted, but this is

forbidden in the two-dimensional case. Note that, in these examples it is always possible
to slice € into two (J = 2) pieces.
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3 Proofs

Let the pair (©2,T;) be admissible. On our way to prove our main result we follow in close
lines the arguments of [16, section 3]. First we prove a non-standard version of Korn’s
first inequality Corollary 22, which will be presented as Lemma 29. Then, we prove our
main result. Although, all subsequent proofs are very similar to the ones given in [16,
Lemmas 8, 9, 12, Theorem 14], we will repeat them here for the convenience of the reader.

Lemma 27 Let T'y # @ and u € H(grad; Q) with gradu € H(curly: Ty, ). Then, u is
constant on any connected component of T';.

Proof Let z € Ty and B, := By,(x) be the open ball of radius 2r > 0 around z such that
By, is covered by a Lipschitz-chart domain and ' By, € T. Moreover, we pick a cut-off

function ¢ € C*(B,.) with ¢|p, = 1. Then, pgradu € H(curl; 2N By,). Thus, the exten-
sion by zero v of ¢ grad u to By, belongs to H(curl; By, ). Hence, v}z, € H{curly; B,). Since
B, is simply connected, there exists a & € H(grad; B,) with gradd = v in B,. In B, \ @
we have v = (. Therefore, i B\a = € with some ¢ € R. Moreover, gradu = v = grad &
holds in B, N, which yields u = i+ ¢ in B, N2 with some ¢ € R. Finally, u|g,nr, = é+c
is constant. Therefore, u is locally constant and hence the assertion follows. a

Lemma 28 (Korn's First Inequality: Tangential Version) Let T'; 3 0. Then, there exists a
constant ¢y > Cy 4, such that

[Grad v 2g) < cis [sym Grad v] 2
holds for all v € H(Grad; Q) with Gradv € lSI(Curlo; Ty, ).

In classical terms, Gradv € H(Curlp; Ty, ) means that gradv, = Vu,, n=1,...,N
are normal at ;.

H

Proof We pick a relatively open connected component T s @ of I',. Then, there exists a

constant vector ¢, € R? such that v —¢, belongs to H(Grad; I, €2) by Lemma 27 applied to

each component of v. Corollary 22 (i) (with I'; = T and a possibly larger cxt) completes
the proof. : |

Now, we extend Korn’s first inequality from gradient to merely irrotational tensor
fields.

Lemma 29 (Korn's First Inequality: Irrotational Version) There exists ¢, > ¢, > 0, such
that the following inequalities hold:

(i) IfTs # 0, then for all tensor fields T € H(Curly; T, Q)

|7} 20 < cx Jsym T2 - (8.1)
Q) Q)
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(i) IfI'y =0, then for all tensor fields T € H(Curly: Q) there exists a piece-wise constant
skew-symmetric tensor field A such that

|17 - A"L2 <Ck“SYanL2(Q)

(ii") If Ty = 0 and Q is additionally simply connected, then (it} holds with the uniquely
determined constant skew-symmetric tensor field A = Ay = Teo() 1 given by (2.7).
Moreover, T — Ar € H(Curlo; Q) Nse(N) and Ar = 0 if and only if TL so(N).
Thus, (3.1) holds for all T € H(Curly; Q) Nso{N)* as well.

Again we note that in classical terms a tensor T € H(Curly; I',, ) is irrotational and
the vector field T'r|r, vanishes for all tangential vector fields T at T, Moreover, the slice-
ability of (£2,I';) is precisely needed for Lemma 29 to hold.

Proof We start with proving (i). Let 'y # @ and T € I?i(Curlo;I‘,,,Q). We choose a

sequence (T%) C E°°(Pt; £2) converging to T in H{Curl; Q). According to Definition 23 we
decompose (2 into ;U. ..U, and pick some 1 < j < .J. Then, the restriction T =T,

belongs to H(Curly; ;) and (T%g) € C¥(I'y5;) converges to T; in H(Curl; Q). Thus,

T; € H(Curly; 'y 5, €2;). Since Q is simply connected, there exists a potential vector field
v; € H(Grad; Q;) with Gradv; = T; and Lemma 28 yields

||Tj"1_2(nj) < Gty ||Sym'.l}l||_2mj) - Citg > 0.

This can be done for each j. Summing up, we obtain

||T||L=(n) < o |sym T LQ(Q)‘_ﬁ Cx *= Jil}ax Oty

proving (i). Now, we assume I'; = ). To show (ii), let T € H(Curly: 2) and, as before,
let 2 be decomposed into € U ... U Q; by Definition 23. Again, since every 1, is
simply connected and T; € H(Curlo,ﬂ i), there exist vector fields v; € H(Grad; Q;) with

Gradv; =: T; = T in §;. By Korn's first inequality, Corollary (22) (ii), there exist positive
Cx,s,; and ATj € 50(N) w1th

1T — Az 20y < Cuss lsymTylagg,y s Az, = skeWﬁ_

TidA = Skewf T dA,

2
We define the piece-wise constant skew-symmetric tensor field A a.e. by Alg, == Ar; and
set o = MaX  Cygj- Summing up, gives (ii). We have also proved the ﬁrqt assertlon

of (ii"), since we do not have to slice if € is simply connected. The remaining assertion
of (il’) are trivial, since men) : L*(Q) — se(N) is a L%(2)-orthogonal projector. We
note that this can be seen also by direct calculations: To show that T — Ap belongs to
H(Curly; ©2) Nso(N)* we note A7 € H(Curly; ©2) and compute for all A € sa(N)

<AT, A)Lz(ﬂ) == (f TdA, A)RNXN == / (T, A)RNXN dA - (T, A>L2(Q) .
Q Y
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Hence, A7 = 0 implies T L so(N). On the other hand, setting A := Ay shows that
T1 so(N) also implies Ar = 0. O

We are ready to prove our main theorem.
Proof of Theorem 1 Let I'; # 0 and T € H(Curl; T, Q). By Corollary 18 we have
T=R+85¢ lfi(Curlo; I'y, Q) @ Curl F‘I(Curl; Ty, Q).

Moreover, by Corollary 17 we obtain

ISz < e |Curl T s (3.2)

since Curl § = Curl T and § is an element of Ifl(Curl; I't, €2) N Curl IfI(Curl;I‘n, Q), ie., S
belongs to ifI(Curl; Iy, ) N I?I(Divo; L, ) N {H(Q)N)L. Then, by orthogonality, Lemma
29 (i) for B and (3.2)
||T||f2(n) = "R"i?(n) + “S"ﬁ?(n) < & lsym R"E?(n) + ||S||E2(n)
< 2¢ fsym TKE?(Q) +(1+2¢) ||S||f2(n)
< ¢}( [sym T"ﬁ?(n) + ||Cur1T||i2(g))

with

o1 = max{V2e, ¢v/1 + 2¢2} (3.3)

follows, which proves (i). Now, let I'; = ¢ and T' € H(Curl; Q). First, we show (ii"). We
follow in close lines the first part of the proof. For the convenience of the reader, we repeat

the previous arguments in this special case. According to Corollary 18 we orthogonally
decompose

T =R+ S € H(Curly; Q) & Curl |3|(Curl; Q).
Then, Curl S = Curl T and
S € H(Curl; ) N Curl H(Curl; Q) = H(Curl; ) N F(Divo; ) N (H(Q)V)*.
Again, by Corollary 17 we have (3.2). Note that

Ap = TR = SkeW% RdX € s50(N) C H(Curly: ).
0

As before, by orthogonality, Lemma 29 (ii") applied to R and (3.2)
1T — Arlizq) = 1R - Atz + 15120y < cf lsym Rtz + 1Sl
< 26 Jsym Tz gy + (1426 [T
< & (lsym Tz + [Curl T[f2 g, ).
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For § = Curl X with X € H(Curl; ) and all A € s0(/V) we have
(As, Az = ¢ fﬂ S dX, Aygrv = (Curl X, A) 2y =0,

which shows Ag = 0 by setting 4 := Ag. Hence Ar = Ag. The proof of (ii’) is complete,
since all other remaining assertions are trivial. Finally, to show (ii), we follow the proof
of (ii’) up to the point, where Ap was introduced. Now, by Lemma 29 (i) for R we get a
piece-wise constant skew-symmetric tensor A := Ag. We note that in general A does not
belong to H(Curl; ) anymore. Hence, we loose the L*(Q2)-orthogonality R — A1S. But
again, by Lemma 29 (ii) and (3.2)
IT = A2y < IR — Al 2ggy + IS0z () < cellsym Rl a gy + 18] 20
< alsym T2y + (1 + ) 1] 120
< e fsym T 2y + {1+ cx)ca |Curl T2
1/2
< ¢ Jsym T"iz(n) + [Curl T"f?(n) ) /

with

¢g = V2 max{cx, a1 + )}, (3.4)
which proves (ii). O

4 One Additional Result

As in [16, sections 3.4] we can prove a génera.lization for media with structural changes.

To apply the main result from [27], let 4 € C°(Q2) be a (N x N)-matrix field satisfying
detp > fi > 0.

Corollary 30 LetT', # 0 and let the pair (O, T,) be admissible. Then there exists ¢ > 0
such that

lT ]2y < lsym(pT )2y + [Curl T 2

holds for all tensor fields T € If|(Cur1;1"t, Q). In other words, on ﬁ(Curl;I‘t, Q) the right
hand side defines a norm equivalent to the standard norm in H(Curl; Q).

A Construction of Hodge-Helmholtz Projections

We want to point out how to compute the projections in the Hodge-Helmholtz decompo-
sitions in Lemma 12. Recalling from Lemma 12 the orthogonal decompositions

L29() = d DTy, Q) @ AYT,, Q)
= DY(Iy, Q) @ 6 AT (T, )
= dD"}(T, Q) @ HYQ) & 6 A (T, Q)
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we denote the corresponding L%9(Q)-orthogonal projections by 74, 75 and 7. Then, we
have 7y = id —wq — 75 and

raL29(0) = dDFNT,, @) = dXTI(Q),  X9HQ) = DTU(TL, Q) M 5 AT, ),

ms L29(Q) = S AL, Q) = 5YH(Q),  YH(Q) == AT(T,, ) N d BUT,, ),
T L2UQ) = HI(Q).

By Poincaré’s estimate, i.e., Lemma 7, we have

VE eXTHQ) [Eli20-1() < g1 [d Eli2ogg » (A1)
VHe YQ+1(Q) A "H“LMH(Q) = Cpgi ||5H||L?-q(n) : (A.2)

Hence, the bilinear forms

(B,E) <d £, dE> (H, H) (5 g, 6H>

L2=ﬂ(n) ’ L2e(0)

are continuous and coercive over XY™'(Q2) and Y?(Q), respectively. Moreover, for any
F € 1>9(Q) the linear functionals

E = (F,d B) 2arq » H o (F,6 H) 20
@) )

are continuous over X?"'(£2) respectively Y?*!(Q). Thus, by Lax-Milgram'’s theorem we
get unique solutions Eq € X¥(Q) and H; € Y () of the two variational problems

{d Ed,dE)qu(Q) - F dE)LZq VE < xqml(ﬂ), (A3)
(0 Hy, 6 H)y sy = (F, 8 H)y oy VH € Yori(Q) (A.4)

and the corresponding solution operators, mapping F to E; and Hj, respectively, are
continuous. In fact, we have as usual

"dEd||L2'q(ﬂ) < ||F“L2’°{.Q) ) néHJ“LZ-q(g) < ||F||L2=Q(ﬂ)1

respectively, and therefore together with (A.1) and (A.2)

"Ed"xq—l(n) = "Ed"[)q—l(g) < v 1+ Cg,q—l "F"L?’q(n) ?
|| H; uvﬁl(n) ||H6“Aq+1 \/ 1+ ‘"12=,q+1 ”F" L29(Q) -

Since dDT(T, Q) = dX*1(Q) and 6 AT (T, Q) = 5Y* () we see that (A.3) and
(A.4) hold also for E € D*}(T';, Q) and H € A+(T,,, ), respectively, and that
F—dBye (dxe (@) = (D' (T, Q)" = AT, ),
F—6H;se (5Yq+1 ()" = (6 AT (Fay )™ = DY(T,, ).
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Hence, we have found our projections since

TaF = d By € dX93(Q) < DTy, Q),
7 F = 8§ Hy € Y™(Q) € AYT,, Q)

and .
b = F —dEq — 8§ Hs € DT, )N AT, ) = HI(Q).

Explicit formulas for the dimensions df HI(E) or explicit constructions of bases of
H?(Q2) depending on the topology of the pair (Q,T}) can be found, e.g., in [22] for the
case ', =T or T, = 0, or in [4] for the general case.

Acknowledgements We heartily thank Kostas Pamfilos for the beautiful pictures of
3D sliceable domains.
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